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Abstract

In a serial–parallel type machine tool, the parallel spindle platform plays the key role in manipulating three directions of move-
ment. Spatial symmetry of the 3-PRS loops is essential to the machine’s systematic accuracy. Currently, however, there is no
effective instrument capable of measuring the symmetrical errors of the corresponding joints and strut lengths during structure
assembly. In this study, an experimental method is proposed to identify the mechanism symmetric errors of a 3-PRS serial–parallel
machine tool during the test run. It is based on the differentiation of the inverse kinematics equations. The mechanism errors
could be derived by an identification model. With the aid of a developed 3D laser ball bar to detect the spatial position and orien-
tation of the spindle platform, and three laser Doppler scales to measure three sliders’ positions simultaneously, the length errors
of three struts and the symmetrical errors of the R-joints and S-joints can be identified by the optimization technique. This tech-
nique can help shop floor engineers to tune the symmetrical errors of the 3-PRS mechanism during machine assembly.
# 2004 Elsevier Ltd. All rights reserved.
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1. Introduction

It is always a goal to pursue an interesting develop-

ment in the machine tool industry that holds great

promise for improving accuracy and dexterity. Parallel

manipulator offers a radically different type of machine

structure relative to the traditional serial type

machines. It is believed that the inherent mechanical

structure of the parallel type machines provides high

dexterity, stiffness, accuracy and speed compared to the

conventional multi-axis structure [1,2].
In the past, many comprehensive studies and works

have been made in the area of parallel manipulators.

Most of these articles focused on the discussion of both

the analytical and the numerical methods to solve the

kinematics of pure-parallel mechanisms. Recently, sev-

eral papers discuss the accuracy analysis of Stewart

platform manipulator or other kinds of parallel manip-
ulators, in which, external sensors were used to mea-

sure the end effectors position and orientation, and

kinematics model was used to estimate the effect of

mechanism errors of the parallel manipulator respect to

end effector’s positioning accuracy [3–6]. Those kinds

of external sensors usually were for a special purpose

and complicated to use. These include video sensor

imaging a standard grid plate for spatial position [4],

laser tracking coordinate measuring system for end

effecters spatial position detecting [5], two inclin-

ometers for platform orientation angle detecting [6].

The other way to access the accuracy of parallel

manipulator was applying internal sensors which has

built in some manipulator joints [7,8]. These sensors

were popular and easy to set up, but the final accuracy

improvement was limited. There are also some methods

employing joint sensors for self-calibration, or auton-

omous calibration, the kinematic parameters of close-

loop chain of the robot or the PKM [9,10].
The parallel type machine tools have not been widely

used in industry due to its inadequate accuracy in com-

parison with conventional serial type machine tools.
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Accuracy enhancement has to be implemented in parts
manufacturing and system assembly. In this paper, the
symmetric errors of a 3-PRS spindle platform mech-
anism are identified by experimental method in associ-
ation with inverse kinematics equations. With the aid
of a developed 3D laser ball bar (LBB) to detect the
spatial position and orientation of the spindle platform
[11], and three laser Doppler scales to measure three
sliders’ positions simultaneously, the length errors of
three struts and the symmetrical errors of the R-joints
and S-joints can be identified by the optimization tech-
nique. This technique can help shop floor engineers to
tune the symmetrical errors of the 3-PRS mechanism
during machine assembly. Some other errors which
may also affect the accuracy of the 3-PRS structure are
neglected in this study, such as:

1. Tolerance in each joint.
2. Perpendicularity of each column to the base plate.
3. Elastic deformation of each strut.
2. Machine tool configuration

The machine tool under investigation is called a
serial–parallel type machine tool, as shown in Fig. 1. It
consists of a three-degree-of-freedom spindle platform
and a conventional two-degree-of-freedom X–Y table
to form a 5-axis structure. The spindle is assembled in
the platform, which is connected to three struts of con-
stant length by means of ball joints (or U-joint) that
are equally spaced at a nominal angle of 120

v
. The

other end of each strut is connected to a slider with a
rotational joint. Each slider can move up and down
along the corresponding vertical slideway fixed to a
column that is also spaced at nominal 120

v

angle from
one another. The platform, such constructed, has one
linear motion in the Z-axis and two angular rotations
(a and b) in X-axis and Y-axis, respectively. The X–Y
table that supports the workpiece provides the linear
motions of the workpiece in two horizontal directions.
The features of this configuration are easy to manufac-
ture and control, more accurate and larger workspace,
compared to the Stewart platform-based parallel
machine tool.
3. Inverse kinematics analysis

In order to analyze the kinematics of the parallel
mechanism, three relative coordinate frames are
assigned, as shown in Fig. 2. A static Cartesian coordi-
nate frame XYZ is fixed at the base of the machine
tool with the Z-axis pointing to the vertical direction,
the X-axis pointing toward B1, and the Y-axis pointing
along the B2B3 line. The movable Cartesian coordinate
frame, X0Y0Z0, is fixed at the center of the X–Y table
with the same axes directions as the XYZ coordinate
frame. The third coordinate frame, xyz, is assigned to
the tool tip, with the z-axis coinciding with the spindle
axis. The ball joint b1 is located in the plane xoTz. li
denotes the ith strut length. Hi is the height of Ri along
the Z-axis and h is the distance from the tool tip oT to
the center of the platform. In each closed structural
loop of a 3-PRS parallel manipulator, a closed form of
vector chain of the linkage can be drawn, as shown in
Fig. 3. The related equation can be presented in the
following vector form:

oLi ¼ obi þ op� oRi ¼ oT
o R½ � � oTbi þ op� oRi;

i ¼ 1;2;3 ð1Þ

where the matrix oT
o R½ � describes the relative orien-

tation of the spindle platform coordinate frame xyz to
the base coordinate system XYZ, the left upper script o
denotes the vector with respect to the base coordinate
system XYZ, and the left under script oT denotes the
vector with respect to platform coordinate system xyz.
bi is the position vector of the ith ball joints, p is the
position vector of the origin of the frame xyz (tool tip
position), Ri is the position vector of the ith R-joint, Li

is the ith strut vector.
The inverse kinematics analysis has been derived by

the authors [12]. This paper only summarizes some
useful equations as below.
Fig. 1. Structure of the serial–parallel type machine tool.
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Let R and r be the radii of circles passing through

joints Ri and bi (i ¼ 1 3), respectively. The positions of

Ri referenced to the coordinate frame XYZ can be

expressed by

R1 ¼
3

2
R 0 H1

� �T

R2 ¼ 0

ffiffiffi
3

p

2
R H2

� �T

R3 ¼ 0 �
ffiffiffi
3

p

2
R H3

� �T
ð2Þ
The Cartesian position of the ball joints bi with

respect to the frame XYZ can be expressed by

b1
1

� �
o

¼

X1

Y1

Z1

1

2
664

3
775 ¼

rk1 þ hn1 þ xT
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1
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775 ð3Þ
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1
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o
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1
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2
k1 þ

ffiffiffi
3
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2
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3

p
r

2
m2 þ hn2 þ yT
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3
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2
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3
77777775

ð4Þ

b3
1

� �
o

¼

X3

Y3

Z3

1

2
664

3
775 ¼

� r

2
k1 �

ffiffiffi
3

p
r

2
m1 þ hn1 þ xT

� r

2
k2 �

ffiffiffi
3

p
r

2
m2 þ hn2 þ yT

� r

2
k3 �

ffiffiffi
3

p
r

2
m3 þ hn3 þ zT

1

2
66666664

3
77777775

ð5Þ

where xT yT zT½ �T¼o p and the orientation unit vec-

tors k ¼ k1 k2 k3½ �T, m ¼ m1 m2 m3½ �T, and n ¼
n1 n2 n3½ �T are the directional cosines of the axes x, y

and z with respect to the coordinate frame XYZ. The pos-

ition component of the rotational joint in the Z-axis is

Hi ¼ RiZ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2i � RiX � bixð Þ2� RiY � biy


 �2q
þ biz;

i ¼ 1;2;3 ð6Þ

It is called inverse kinematics equations.
Fig. 2. Schematic diagram of the serial–parallel structure.
Fig. 3. Illustration of the three constraint planes.
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The inverse kinematics problem involves the compu-

tation of the position of each of the rotational joint

(the slider) through the corresponding ball joint if the

spindle platform’s position and orientations are known.
4. Mechanism errors identification model

Nominally, the large circle passing through three

R-joints should be concentric with the small circle

passing through those three b-joints. On the basis of

the machine tool configuration, its structure actually

consists of three parallel and symmetric structural

loops. The positional relation of each structure member

in loop is presented in Eq. (1). Expressing strut length

in scale formation as

l2i ¼ ð½R� � bi þ p� RiÞT � ð½R� � bi þ p� RiÞ ð7Þ

Defining an objective function as

f ¼ f li;bix;biy;biz;RiX ;RiY ;RiZ


 �
¼ l2i � R½ � � bi þ p� Rið ÞT� R½ � � bi þ p� Rið Þ ¼ 0 ð8Þ
Differentiating Eq. (8), it yields

2lidli � 2ð½R� � bi þ p� RiÞT½R�dbi
þ 2ð½R� � bi þ p� RiÞTdRi ¼ 0 ð9Þ
Substituting Eq. (1) into Eq. (9) yields

LT
i dRi ¼ ð½R� � bi þ p� RiÞT½R�dbi � lidli

LiXdRiX þ LiYdRiY þ LiZdRiZ

¼ ð½R� � bi þ p� RiÞT½R�dbi � lidli

where dRiz ¼ dHi denotes the position error of rotation

joint in Z direction. Rearrange it to

LiZdHi ¼ ð½R� � bi þ p� RiÞT½R�dbi � LiXdRiX

� LiYdRiY � lidli ð10Þ
Expressing Eq. (10) in a matrix form, it yields

dHi ¼
1

LiZ
ð½R�bi þ p� RiÞT½R� �LiX �LiY �li


 �

�

dbi

dRiX

dRiY

dli

2
6664

3
7775 ð11Þ

for i ¼ 1, 2, 3. dHi is the deviation of the actual slider

position from its ideal position of loop i. The ideal sli-

der position (Hc
i ) can be calculated from the inverse

kinematics Eq. (6), the actual slider position (Hm
i ) has

to be measured by instrument.
Substituting Eq. (6) into Eq. (11), it yields

dHi;j¼Hm
i;j�Hc

i;j

¼Hm
i;j�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2i �ðRiX �biX ;jÞ2�ðRiY �biY ;jÞ2

q
þbiZ;j

� �

¼ 1

LiZ;j
ð½R�jbiþpj�Ri;jÞT½R�j �LiX ;j �LiY ;j �li

h i

�

dbi

dRiX

dRiY

dli

2
6664

3
7775 ð12Þ

for i¼1, 2, 3; j¼1; 2; ... , m, where i denotes the ith
structure branch and j indicates the jth measured plat-
form position for total m times. The jth measured spin-
dle platform position can be expressed in a vector form

as
Q

j¼½xTj; yTj; zTj; aj; bj ; cj �T, which could be mea-

sured by the developed 3D LBB as described in the
next section. The overall mechanism error vector (dUi)
of the ith parallel manipulator investigated here is
expressed as

dUi¼ dbix dbiy dbiz dRiX dRiY dli½ �T1�6 ð13Þ

The whole mechanism errors of three parallel manip-
ulators have 18 items. Eq. (12) can be simplified to the
following matrix form:

dH1;j

dH2;j

dH3;j

2
4

3
5
3j�1

¼
J1

J2
J3

2
4

3
5
3j�18

�
dU1

dU2

dU3

2
4

3
5
18�1

ð14Þ
5. Measurement principles

From Eq. (14) it is understood that the 18 terms of
mechanism errors can be computed if the spindle’s spa-
tial vector Pj and the slider’s height errors dHi,j can be
measured at 18 different programmed positions.

5.1. Measuring equipments

In order to measure the spindle’s spatial vector a 3D
LBB was specially designed, as shown in Fig. 4. The
3D LBB is based on the spherical coordinate principle
containing one precision laser linear measurement
device and two precision laser rotary encoders in the
gimbals base with an extendable ball bar. The move-
ment of the 3D LBB is generated by the precision end
ball, which can be dragged by a magnet socket carried
by any moving object. The radial motion (R) of the
ball is detected by a laser Doppler scale (LDS, model
109N, made by Optodyne Co.) whose beam passes
through telescope tubes and reflected back by a reflec-
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tor at the bar end. The pitch (h) and the yaw (/)
motions of the bar with respect to the gimbals base are
detected by two precision laser rotary encoders (model
K-1, made by Canon Co.) individually. Three sensors
simultaneously record the ball positions and transform
into the Cartesian coordinate in real time. The system
possesses the following specifications: R: 500 mm
range, accuracy 
0.3 lm; /: 35

v
range, accuracy 
1.15

arc-sec; h: 25
v
range, accuracy 
1.15 arc-sec [11]. Fig. 5

shows the picture of measuring the spatial position and
orientation of the spindle tip with the 3D LBB.
The spatial position of the spindle tip can be directly

measured by readings of (R, h, /) from the 3D LBB
and convert to oT (xT, yT, zT). The orientations (a, b)
have to be obtained by measuring the spindle’s vector
with the following special strategy. A standard bar was
initially inserted in the spindle’s tool holder. Its extend-
ing length can be adjusted by a setting screw. This
standard bar is a Cr hardened and then ground cylin-
der, which is purchased from a metrological company.
Its cylindricity error is guaranteed by its grade.
Usually, the orientation error of the extended standard
bar to the center line of the tool holder is very limited
if the diameter is fitted. Furthermore, such a limited
orientation error is constant in all different spindle
poses (orientations). If necessary, we can calibrate this
error and compensate it in each reading. This bar is,
Fig. 6. Spindle orientation measurement.
Fig. 4. The structure of 3D LBB.
Fig. 5. Measuring the spindle with 3D LBB.
 Fig. 7. Setup for the measurement of rotational joint movement.
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therefore, assumed to be in line with the normal vector
of the spindle platform. At each position the standard
bar is initially in its fully retracted length. The first
reading of oT denotes points A, as shown in Fig. 6. The
bar is then extended manually to its full length position
B to allow the second reading to be taken. The unit
normal vector of spindle platform can be derived by

~njnj ¼
~ABAB

~ABj jABj j
¼ fn1; n2; n3gT

¼ fsinb; � sinacosb; cosacosbgT ð15Þ

The vertical movements of three rotational joints (H1,
H2, H3) can be simultaneously measured by three laser
Doppler scales (LDS) of the same type as in the 3D
LBB. The setup is shown in Fig. 7.

5.2. Measuring procedures

Measuring procedures are summarized as follows:
(a) T
he 3D LBB is precisely aligned so that its extend-
ing bar is coincident with the Y-axis of the investi-
gated serial–parallel machine firstly. The machine
spindle then carries the end ball of 3D LBB with a
magnetic socket moving along the Y-axis. The two
angular encoders should have no readout changes
in the pitch and the yaw directions.
(b) P
rogram the spindle to move around in the
working space for at least 18 different positions.
(c) A
t each position j, point Aj, take readings of
(R, h, /) from the 3D LBB and convert to
oT(xT, yT, zT). In the meantime, take readings of
the three positions of rotational joints (H1j, H2j,
H3j) by three LDS simultaneously.
(d) E
xtend the standard bar to point Bj, take the
second readings of the 3D LBB, and compute
the corresponding spindle orientation (a, b) with
Eq. (15). It is noted from this equation that the
angle c is a function of a and b.
(e) R
epeat steps (b)–(d) until all data sets are col-
lected.
6. Error identification procedures and experimental

results

From Section 3 it is noted that, if the nominal strut
lengths (l1, l2, l3) and the nominal R-joint radius R are
given, and if the spindle’s position and orientation are
measured, the nominal R-joint positions (RiX, RiY, for
i ¼ 1, 2, 3) can be obtained from Eq. (2), the nominal
ball joint positions (b1, b2, b3) can be computed from
Eq. (3)–(5), and then the theoretical rotational joint
position can be computed by Eq. (6). Due to the manu-
facturing errors of the strut length and the assembly
errors of the ball joints and R-joints, the actual mea-
sured R-joint vertical movement is different from for
each loop. It is based on the earlier assumptions that if
the effect of elastic deformation and clearance between
joint members are neglected. This is called the inverse
kinematics error as expressed by

Fij ¼ Hm
ij �Hc

ij; i ¼ 1;2;3; j ¼ 1;2; . . . ;m

In other words, if the actual mechanism parameters
bix, biy, biz, RiX, RiY and li (i ¼ 1, 2, 3) can be identified,
Hc

i and Hm
i must be the same for any spatial position j.

A simplified optimization technique by iteration
method is proposed to find these actual design para-
meters.
Defining an objective function as

Cij ¼
Xm
j¼1

X3
i¼1

Fij ; i ¼ 1;2;3; j ¼ 1;2; . . . ;m ð16Þ

where Cij is a function of design parameters (bix, biy,
biz, RiX, RiY, li for i ¼ 1, 2, 3). The optimization pro-
cess is to search the optimum design parameters so that
the objective function is minimized. A criterion value
(e ¼ 0:01 mm) is set for judging the iteration conver-
gence. Following procedures are employed for the iter-
ative regression algorithm.
(a) A
ssign the designed nominal values of bix, biy,
biz, RiX, RiY and li ði ¼ 1; 2; 3Þ as the initial
values of the design parameters in optimization
process. These initial nominal values are listed in
Table 1. Set the iteration number k ¼ 1.
(b) C
alculate the theoretical rotation joint move-
ment Hc

ij (i ¼ 1, 2, 3; j ¼ 1, 2,. . ., m) by the
inverse kinematics Eq. (6).
(c) C
alculate the inverse kinematics error Fij ¼
Hm

ij �Hc
ij (i ¼ 1, 2, 3; j ¼ 1, 2,. . ., m).
Table 1

The nominal mechanism parameters, unit: mm
Branch b
ix
 biy b
iz
 RiX R
iY
 li
1
 200
 0.00 3
40.722
 349
 0.00
 1107
2 �
100
 173.205 3
40.722
 �174.5
 302.243
 1107
3 �
100
 �173.205 3
40.722
 �174.5 �
302.243
 1107
Table 2

Twenty-two spindle poses selected for experimental measurement
ID.

no.
1
 2
 3
 4
 5
 6
 7
 8
 9
 10
 11
a
 0
v

0
v

0
v

0
v

0
v

0
v

0
v

10
v

20
v

35
v �
10

v

b
 0
v

10
v
2
0

v

35

v �
10
v
 �20

v �
35
v

0
v

0
v

0
v

0
v

ID.

no.
12
 13
 14
 15
 16
 17
 18
 19
 20
 21
 22
a �
20
v
 �35

v

5

v

10

v
 �5
v
 �10

v
 �5
v
 �10

v

5

v

10

v

25

v

b
 0
v

0
v
1
0

v

25

v �
10
v
 �25

v

10

v

25

v �
10
v
 �25

v

10

v
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(d) C
ompare the objective function Cij to e. If Cij is
less than or equal to e, the search is terminated.
If not, compute the mechanism errors with

Eq. (14) (dUk ¼ J�1
k dHk).
(e) R
eplace the design parameters by (Ukþ1 ¼
Uk þ dUk), let k ¼ k þ 1, and go to step (b).
In the experiment, 22 sets of spindle platform poses
were programmed in the working volume. These were
uniformly selected from the rotational ranges of a and
b angles, as listed in Table 2. Its corresponding spatial
positions and orientations were recorded by a 3D LBB.
In the meantime, three independent sets of LDS detec-
ted the actual position of each rotation joint. After the
iteration procedures, the final actual mechanism para-
meters were computed as listed in Table 3. The relative
mechanism errors are listed in Table 4. Comparing to
the calculated 18 error terms of this study, the measur-

ing noise of the 3D LBB is very small [11]. The noise

effect was, therefore, ignored in this study. The geo-

metrical position errors of rotation joints and ball

joints of planar view are illustrated in Figs. 8 and 9,

respectively. It can be seen that to this investigated

machine the assembly error of the R-joint is a critical

factor to the machine accuracy. It could be caused by

the difficulty in precise assembly of three parallel col-

umns to perfect symmetry. The length of each strut

was also longer than the design value. It has to be

noted that, due to direct connection, the position error

of R-joint will affect the position of b-joint. This

machine tool is equipped with Siemens controller.

Although individual strut length can be programmed

to its correct dimension, the joint position errors have

to be corrected by manual reassembly of column posi-

tions. These findings were recognized and accepted by

the manufacturer for further rework.
7. Conclusions

In this paper, a new mechanism errors identification

method is proposed for a 3-PRS serial–parallel

machine tool. It is based on the inverse kinematics

model and volumetric error measurement techniques

by the developed 3D LBB assisted by a standard bar.

Experimental results in association with the optimiza-

tion technique can realize the exact mechanism errors

of the investigated machine, namely the structural sym-

metricity errors of the struts and joint locations. This

method can help the machine tool builder to adjust the

built-in parameters (strut lengths) in NC programming

and make fine tuning (joint or column positions) in the

assembly stage.
Table 3

Identified mechanism parameters, unit: mm
Branch b
ix
 biy b
iz
 RiX R
iY l
i
1 1
99.96
 0.012 3
41.100
 350.587
 1.186 1
107.59
2 �
99.98
 173.21 3
40.630
 �173.721
 303.594 1
107.66
3 �
99.95
 �173.22 3
40.890
 �173.238 �
302.730 1
107.52
Table 4

Identified mechanism errors, unit: mm
Branch D
bix
 Dbiy D
biz
 DRiX D
RiY D
li
1 �
0.034
 0.012
 0.378
 1.587
 1.186 0
.592
2
 0.019
 0.011 �
0.092
 0.779
 1.351 0
.664
3
 0.043
 �0.021
 0.168
 1.262 �
0.487 0
.526
Fig. 9. The diagrammatic position error of ball joints.
Fig. 8. The diagrammatic position error of rotation joints.
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